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Abstract

We consider the model counting problem of linear-time temporal logic (LTL). LTL is a well
known specification logic and a standard input language for model checking and synthesis tools
of reactive systems. The LTL model counting problem distinguishes two types of models: word
and tree models. Word models are labeled sequences that satisfy the formula and are bounded
in length. Counting word models can be used in verification to compute the number of errors
in an implementation. Tree models are labeled trees that are bounded by depth where each path
satisfies the formula. Counting tree models can be seen as a quantitative extension of synthesis
in which we determine the number of implementations that satisfy the formula. Unfortunately,
the best counting algorithms we know has double exponential complexity in the formula for
word models and threefold exponential complexity in the formula for tree models. Although
this algorithm improves the naive solution in terms of complexity in the bound, both solutions
are impractical and are mostly limited to formulas of small length. In this thesis, we investigate
approximative algorithms that efficiently solve the LTL counting problem. We present two main
techniques, namely a technique based on the ideas of bounded model checking, where both the
model and the LTL formula are transformed into a SAT formula, and another technique based
on Monte Carlo methods, where we compute a set of possible solutions and determine proper
lower and upper bounds.
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CHAPTER 1

INTRODUCTION

Model counting is the problem of counting the number of models that fulfil a certain logical
formula. Model Counting has been mainly studied for propositional logic (SAT Counting) and
contributed to several planning and probabilistic reasoning tasks, as computing the robustness
of a plan [12] and Bayesian net reasoning [10]. Moreover, for SAT counting, research has al-
ready developed a large number of exact and approximate SAT counters like Relsat [1] and
ApproxCount [18], as well as ApproxMC [4].

In this thesis, we study the model counting problem for formulas of linear-time temporal logic
(LTL) [5]. LTL is one of the most used specification logics, especially for reactive systems [14].
In verification, model counting is used to determine the number of errors in a system and thus
assesses the reliability of a system. Model counting can also be seen as a generalization of
synthesis: instead of constructing a program that satisfies the specification, it determines the
number of implementations that satisfy a specification. This number can be used to determine
the precision of a specification by determining how much implementation freedom is left by the
specification.

When counting the models of an LTL formula, we distinguish between two kinds of models:
word and tree models. A word model of a LTL formula ¢ over a set of atomic propositions
AP is a sequence from 247 such that this sequence satisfies ¢. A tree model of ¢ over a set
of atomic propositions, partitioned into in- and outputs, is a tree that branches according to
the input values and is labeled with output values, such that every path of the tree satisfies the
formula. Following the ideas of bounded model checking and bounded synthesis [2] the authors
in [5] define the model counting problem over bounded models.

Algorithms for computing the number of models of an LTL formula have been introduced in [5].
As far as we know, this is the best LTL model counting approach so far. Unfortunately, it in-
troduces high exponential complexity in the length of the formula, which makes it impractical,
especially for large formulas or large bounds of the models. In this thesis, we therefore de-
velop two new approaches for LTL model counting. The first approach is an approximate LTL
counting approach based on Monte Carlo, the second approach is based on an encoding in
propositional logic following the ideas of bounded model checking.

Counting algorithms based on Monte Carlo methods have already been developed for of propo-
sitional formulas [9, 15]: many of these algorithms can produce good estimation results, whereas
the exact computation is very hard or impossible. One example for such algorithms is the DNF
counting algorithm in [9]. Motivated by the good results for SAT counting, we aim at using
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CHAPTER 1. INTRODUCTION

the Monte Carlo method for LTL counting by creating a certain amount of bounded models
at random. For checking whether the word models fulfill the formula, we use the CTL model
checking algorithm [11]. For tree models, we use the standard automata based model checking
algorithm.

The second approach we introduce is based on the SAT encoding introduced in bounded model
checking. Bounded model checking is a technique, that builds on the assumption that some
hard problems for LTL checking are not that hard for SAT solving. It presents good results in
solving instances that cannot be handled by competing techniques. Modern SAT solvers can de-
liver very good results and can handle thousands of variables. Inspired by these results, we aim
to adapt the bounded model checking technique by transforming our models and our specifica-
tions into formulas of propositional logic. Afterwards, we feed the transformed SAT formula
into one exact and two approximate SAT counters, respectively. The exact SAT counter we
use is Relsat [1] and our approximate SAT counters are ApproxCount [18] and ApproxMC [4].
Since bounded model checking relies on an exponential procedure, it is limited in its capacity.
Furthermore, since bounded model checking is bounded by some number £, this method may
deliver incomplete results, if this bound is not large enough.

The rest of the thesis is structured as follows. In Chapter 2, we introduce the necessary knowl-
edge about linear-time temporal logic, its models and the automata used in the presented ap-
proaches. Afterwards, in Chapter 3, we take a closer look at the model counting problem itself.
Furthermore, in Chapter 4, we introduce our exact bounded model counter that uses Relsat [1]
as well as the related approaches presented by Finkbeiner et al. [5]. In Chapter 5, we present
our approximate approaches based on Monte Carlo and bounded model counting as well as the
related work of Vardi et al. [4] and Wei et al. [18]. Next, we explain the implementations of our
approaches and the exact LTL counting approach [5] in the following chapter. In Chapter 6, we
compare the results of all implemented approaches.



CHAPTER 2

BACKGROUND

In this section we introduce the background knowledge needed to understand the following
parts of the thesis. We take a look at linear-time temporal logic, its syntax, its semantics and the
automata needed for our approaches.

2.1 Linear-time Temporal Logic

In order to express our specifications properly, we use Linear-time Temporal Logic (LTL). Tem-
poral logic extends propositional logic by modalities that enable depicting the infinite behaviour
of reactive systems. Its models are transition systems, which are defined as follows:

Definition 1 (Transition Systems) A model of an LTL formula is a labeled transition system.
Given a finite set of directions \ and a finite set of labels %, a >.-labeled Y -transition system is a
tuple S = (S, so, T, 0), where S is a finite set of states, sy € S is the initial state, 7 : S x T — S
is the transition function and o : S — Y is a labeling function. A path in a labeled transition
system is expressed by a sequence m : N — S X T of states and directions. This sequence
Jfollows the transition relation:

Foralli € Nifn(i) = (t;,e;) then (i + 1) = (ti11, €i41), where tiyq € T(t;, €;).

An initial path is a path that starts with the initial state 7(0) = (to, €) from some e € Y. The
set of paths(S) is defined as the set of all initial paths of S.

The definition of LTL is described next:

Definition 2 (Syntax of Linear-time Temporal Logic) We use LTL with the operators Next
X, Until U, Release R, Eventually ) and Globally ). LTL formulas are defined over a set
of atomic propositions AP = 1 UQ. I denotes the set of input variables and O the set of output
variables. A LTL formula ¢ over the set AP is formed according to the following grammar:

pu=truelal i A | 70|01 Va | eiUps | o1Res | X | O | Op
where a € AP.

Now that we know the syntax of LTL formulas, we need to specify their semantics.
Definition 3 (Satisfiability of a Specification) Satisfiability of a specification, expressed as an

LTL formula ¢, is denoted by a sequence o : N — 24T of valuations of the atomic propositions
by o = . We say that a 2°-labeled 2! -transition system S = (S, sy, T, 0) satisfies the formula
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CHAPTER 2. BACKGROUND

@, if for all T € paths(S) the sequence o, : i — o(m(i)), where o(s,e) = (o(s) U e), satisfies
@. Figure 2.1 shows when a path fulfills a formula.

o [ true

ocEa iff a€ Ag(i.e.Ap =a)
clE@eiNpy iff o=@ ando = o
oE - iff cF¢

ok X iff o[l..] = A1AA3... F ¢
ol piUypy iff 3j>0.0[j...] Epeandofi...] = ¢, forall 0 <i < j

Figure 2.1: LTL semantics for infinite words over 24P [14]

Given any LTL formula, we can transform LTL into Positive Normal Form (PNF). In this form,
the formula does not contain any Eventually ¢ or Globally [J operators. There are two forms
of the PNF: The release PNF and the weak-until PNF. In our approach, we use the release PNF
defined as follows:

Definition 4 (Release Positive Normal Form) For a € AP, a LTL formula in release positive
normal form is given by

pu=true|a|lpr Az | 70|01V | eiUps | p1Res | X

Formulas that contain Globally or Eventually operators are expressed as:
Op = falseRyp

and
Qp = truely

2.2 Automaton

In our approach we use automata to check the satisfiability of our LTL formulas. One such type
is the class of generalized non-deterministic Biichi automata that is explained below.

Before actually defining general non-deterministic Biichi automata, we take a look at nondeter-
ministic Biichi Automata [3] in Definition 5 and afterwards define generalized nondeterministic
Biichi automata in Definition 6

Definition 5 (Nondeterministic Biichi Automata (NBA)) A nondeterministic Biichi Automata
(NBA) A is a tuple A = (Q,%,0,Qo, F'), where Q) is a finite set of states, Y. is an alphabet,
§: Q x ¥ — 29 is a transition function, Qo C Q is a set of initial states, and F C Q is a set
of final states, called the acceptance set. A run for 0 = AgA1A,... € X¥ denotes an infinite
sequence (oq1qs... of states in A such that qy € Qo and g; Ay Giv1 fort > 0. A run qoq1qs... is
accepting, if q; € F for infinitely many indices i € N.

4



2.2. AUTOMATON

The main difference between the NBA presented above and the GNBA presented below, is that
even though both are equally expressive, the GNBA have a more general acceptance condition
than visit infinetly often the acceptance set . In our case, the GNBA requires us to visit
several acceptance sets F}...F}, infinitely often.

Definition 6 (Generalized nondeterministic Biichi Automata (GNBA)) A generalized NBA
(GNBA) is a tuple G = (Q,%,0,Qq, F), where Q is a finite set of states, Y. is an alphabet,
§: Q x X — 29 is a transition function, Qo C Q is a set of initial states, and F is a subset of
29, that can be empty.

We call the elements F' € F acceptance sets. A run for o = AgAiA,... € ¥ denotes an infinite

sequence (oq,qs... of states in A such that qy € (Qy and g; Ay Qi1 for i > 0. We call an infinite

run qoqiqs... accepting if
VF € F.(dooj € Ng; € F)



CHAPTER 3

THE MODEL COUNTING PROBLEM

The Model Counting problem is the problem of counting models that fulfill a certain speci-
fication. More specifically, in this thesis, we are regarding LTL counting, where the models
are finite transition systems and the specification language is LTL. Another version of model
counting 1s SAT counting, where the specification language is propositional logic and we count
the number of truth assignments. Checking whether a model satisfies a specification is called
model checking.

Note that model counting is much harder than model checking or satisfiability checking. Ex-
act model counters can tackle formulas with about 100 variables, approximate model counters
can tackle formulas with about 1000 variables [8]. Model counting can be very important in
practice, because it can have a significant impact on many application areas such as planning,
probabilistic reasoning and combinatorial problems. Moreover, it is a useful generalization of
satisfiability.

In the following sections, we introduce both model counting problems in more detail, starting
with SAT counting.

3.1 SAT counting

SAT counting introduces a new scalability challenge that receives more and more interest, while
SAT solving has become one of the best automated reasoning techniques. Most SAT counting
approaches are either based on DPLL, like Relsat [1], or build on local search. This led to a
bunch of new ideas starting with the extension of DPLL-based methods to search sampling.
However, there are also problems that cannot be tackled by SAT counting, because scaling is
impossible. In general, these kinds of problems are also hard for SAT solving. The main chal-
lenge is making the approaches scale even for hard problems.

For SAT counting, there are several approaches that count the number of truth assignments.
In Chapter 4 and 5, we introduce the SAT counters Relsat [1], ApproxCount [18] and Ap-
proxMC [4]. In this section, we take a closer look at another SAT counting based on the Monte
Carlo method. Rubinstein et al. [15] consider the counting problem for satisfiability checking
by viewing counting problems as instances of estimation problems. Their main contribution is
listing several counting algorithms that use the Monte Carlo method and introducing their own
approach based on sampling and the MinxEnt method, as well as an IS algorithm for the SAT
problem in DNF form. Moreover, they try to avoid the hardness of the counting problem by
splitting up difficult counting problems into several easy counting problems.



3.2. LTL COUNTING

Amongst others, they introduced Monte Carlo methods for the self-avoiding walk and sev-
eral sampling problems and defined random K-SAT problems. Furthermore, they presented a
counting algorithm for SAT formulas in DNF that has a low complexity. Finally, they explain
the MinxEnt method that is non-parametric in contrast to classic CE methods, and introduce a
parametric version of MinEnt, called PME. For evaluation, they consider some K-SAT prob-
lems and computed some comparative simulation results for both the standard CE method and
PME, though PME clearly performs better. It is more accurate and for K-SAT problems with
K < 5 itis clearly superior to the CE method. In addition, its relative error rate of 0.02% is
much smaller than the relative error rate of the CE method being 0.6%.

Although this paper introduces some interesting new opportunities for SAT counting, it does not
tackle our problem for LTL counting. Of course, it is possible to reduce LTL to propositional
logic with help of the bounded model checking formulas and then we would be able to apply
some of the methods presented here. However, since bounded model checking reduces our
LTL formula and bounds it by some bound £k, it is not the best for verification of a system.
Moreover, translating the formula to propositional logic affords extra time and has to be done
once for every different bound.

3.2 LTL counting

LTL counting introduces new challenges for model counting and provides a generalization of
model checking and synthesis.

By taking a closer look at LTL. model counting, we see that naively counting transition systems
that satisfy a LTL formula is not sufficient. By counting the number of transition systems that
fulfill a certain specification, we either get zero or co as a result. The reason for this result
is that, if the specification is satisfiable by some periodic transition system, we can unroll its
periodic part infinitely often and each unrolling results in a new transition system that satisfies
the formula.

In order to avoid this effect, we consider bounded models. Thereby, we distinguish between
two types, word and tree models.

We consider the model counting problems for word models and tree models. After defining
word models, we take a closer look at the model counting approach for word models in Chap-
ter 4, originally presented by Finkbeiner and Torfah [5] . A word model is a sequence bounded
by some value k£ with a loop-back transition from the last position in the sequence to a former
position ¢ < k — 1.

Definition 7 (Word Model) We denote the lasso sequence w(0) ... m(i — 1)(n(i) ... w(k))“ €
(29220)% for some i € {0,...,k} as a k-word model of a LTL formula o over AP = I U O.
We call ) = 7(0)...7m(k) € (2°22i)**! the base of the word model.

In Figure 3.1 you can see a base of a word model and two word models built upon that base.

Now, we can redefine our counting problem:

Definition 8 (k-word counting problem) For a LTL formula ¢ and a bound k, the k-word
counting problem is to compute the number of k-word models of .

7



CHAPTER 3. THE MODEL COUNTING PROBLEM

(D))

Figure 3.1: A base and two word models [5]

Figure 3.2: A base and two tree models [5]

Next, we define tree models and in Chapter 4, we recall the model counting approach for tree
models originally presented by Finkbeiner and Torfah [5].

As a tree model we denote a tree that branches according to the valuations of the input / and
that is labelled with the valuations of the output O such that every path satisfies the LTL formula
© over a set of atomic propositions AP = I JO.

Definition 9 (Tree Model) We denote a 2°-labeled-2" -transition system that forms a tree of
depth k with additional loop-back transitions from the leaves as a k-tree model of a LTL formula
. Thereby, for every leaf and every direction, there is an edge to some state of the branch
leading to the leaf. We call the tree without the loop-back transitions the base of the tree model.

In Figure 3.2 you can see a base of a tree model and two tree models built upon that base.

With the Definitions 7 and 9 we can redefine our model counting problem:

Definition 10 (k-tree counting problem) Fora LTL formula o and a bound k, the k-word/k-tree
counting problem is to compute the number of k-word/k-tree models of .



CHAPTER 4

EXACT MODEL COUNTING

In this chapter, we present approaches that aim at solving the model counting problem in an
exact manner.

4.1 Counting Models for Linear Time Temporal Logic

First, we take a look at the two automata based approaches presented in [5]. We start with the
explanation of their approach for word models and continue with explaining their approach for
tree models.

4.1.1 Counting Word Models

The k-word model counting problem for LTL was already tackled in the work of Finkbeiner
and Torfah [5], who also consider bounded models and developed an exact counting algorithm
with linear complexity in the bound. It is obtained by dynamic programming. They inductively
compute the number of models, to compute the number of models of the next size. Their ap-
proach is based on a translation to unambiguous word automata where each model has exactly
one run in the automaton.

Unfortunately, their construction is expensive in the size of the formula. Therefore, their ap-
proach only scales for small specifications.

In the following paragraph, we take a closer look on their approach for word models.

Finkbeiner and Torfah count the word models for a bound k£ and a safety specification ¢ by
constructing a word automaton that accepts a finite sequence of length £, if this sequence rep-
resents a base for a word model of the formula . They show that, for each LTL formula ¢ that
represents a safety property and a bound £, it is possible to construct a word automaton that
accepts a word of maximum length £, if it is a base of a word model. In order to construct such
an automaton, we start with the representation of ¢ as an universal safety automaton.

In general, the universal safety automaton yields a run graph on a word model if it satisfies the
specification ¢. In a run graph, every state of the word model is mapped to a corresponding
state in the universal safety automaton. We call the set of universal states visited by the word
model in the state s the annotation of s. From the Definition 7 of word models, we know that a
loop in a word model corresponds to a suffix of the base. Therefore, the annotation of this suffix
corresponds to a repeating annotation in the run graph of the word model. The word automaton

9



CHAPTER 4. EXACT MODEL COUNTING

starts with guessing the annotation of the loop-back state. By traversing the base backwards, it
checks whether a repetition of the guessed annotation is observed and an initial annotation is
reached after traversing the whole base. Moreover, the word automaton considers that one base
may correspond to several word models and therefore keeps track of the number of repetitions
of the guessed annotation. Furthermore, the automaton needs to be unambiguous with respect
to a word model. This means that, although every base has at most one single annotation for
a word model, a single base may have multiple annotations. In order to prevent this, the word
automaton only allows maximal annotations.

Now, we take a closer look at the actual counting algorithm, presented in Algorithm 1. Basically,

Algorithm 1 Counting Word Models with A [5]
0 ={(¢;1) | ¢ € Qog}:
for 2 := 0,7 < k,1++) do
for all (¢ € 2) do
forallo € ¥ x T do
Q(A(g, 0))+ == Q(q)
end for
end for
end for
return g = »

Qi Q(q) * ¢ (*Qpy is the set of accepting states™)

the algorithm computes the number of models by counting the number of base annotations o
of length ¢ for each state ¢ that are accepted by ¢ in the i-th iteration. {2 maps each accepting
state in the k-th iteration to the number of bases of length £ that are accepted by the automaton
A. Note that each base has ¢ word models. Finally the number of word models is computed
by summing up the number of word models in each accepting state.

The algorithm traverses the automaton % times and thus, the complexity is O(k‘).22o(“°‘). This
double exponential complexity is responsible for the limitation of this approach to small formu-
las. Since there are a lot of formulas with hundreds of variables used in practice, this approach
cannot be used. We therefore develop an approximate algorithm with lower complexity. This
approach is presented in Chapter 5.

4.1.2 Counting Tree Models

They also investigated the k-tree model counting problem. Again, they consider bounded mod-
els. A tree model is bounded by its depth. Their algorithm is based on a automata translation,
where a universal safety automaton is translated into a bottom-up tree automaton. Like their
algorithm for word models, the complexity of their algorithm is again linear in the bound. Un-
fortunately, the complexity in the length of the formula is threefold exponential. In the following
paragraph, we take a closer look on their approach for tree models.

Similarly to their approach for word models, they start with the representation of the LTL for-
mula ¢ as a universal safety automaton. They guess a loop annotation and check whether this
annotation is repeated after exploring the tree from the leaves upwards. It is required to guess
an annotation for each branch in the tree because a tree model is basically a composition of

10



4.2. EXACT MODEL COUNTING

word models.

By traversing the tree upwards, they apply the procedure for word models combined with an
additional merging procedure that merges all information received from the children into their
parent state. Thereby, a bottom-up tree automata is constructed out of the universal safety au-
tomaton.

Now, we describe their algorithm for computing the number of tree models whose tree bases
are accepted by the bottom-up tree automaton. The algorithm starts at the initial states, which
involves the initial conjectures for the number of expected repetitions of the initial annotation.
Moreover, each initial state is mapped to the number of expected repetitions of the initial an-
notation. Then, it tracks each state in each possible transition. Here, a transition represents a
parent state and its child states. This transition exists if, and only if, the initially guessed anno-
tation was correct. For an annotation, there are initial guesses, which describe the number of
loop back transitions of each leaf having this annotation.

In the k-th iteration, each accepting state ¢’ of the bottom-up tree automaton 7 is mapped to a
function that defines for each annotation in the domain of f, the number of possible loop com-
binations for the annotation in a tree accepted by ¢'. In the end, all possible loop combinations
for each defined annotation are multiplied and, thereby, we obtain the number of tree models of
the accepted base. Finally, they sum up the results for all accepting states.

The algorithm traverses the automaton £ times resulting in a complexity of (9(]{).2220““)').
Again, this approach is limited to formulas of small length, because of the threefold complexity.
Since this approach is therefore impractical in practice, we develop two approximate counting
algorithms for tree models with lower complexity. These approaches are presented in Chapter 5.
Note that we do not develop an exact algorithm for the tree counting algorithm due to the high
complexity of the tree counting problem.

4.2 Exact Model Counting

Before considering bounded model counting, we need to take a closer look at the problem
of bounded model checking, in order to provide basic insights that can be reused for model
counting. In this section, we present some background knowledge about the SAT encoding of
the LTL model checking problem as well as an exact algorithm based on this technique.

4.2.1 Bounded Model Checking

Due to the fact, that SAT solvers have become very efficient, the authors in [2] aim to transfer
the success of SAT solving to model checking. In model checking, we do only not want to
check simple safety properties, e.g., how we can reach a goal state or whether it is reachable
but we also want to check liveness properties and nested temporal properties. Bounded model
checking can be used for all safety, liveness and nested temporal properties. In order to reduce
LTL formulas to SAT formulas, we consider only a finite prefix of the formula unrolled to SAT.
This prefix is restricted by some bound %, which, in case of word models, is the length of the
base of the word models we want to check. Note that, if there is a back loop from the last state
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of the prefix to any of the previous states, then this finite prefix still might represent an infinite
path. By recalling the definition of word models, we can see that this is the case.

Definition 11 (SAT encoding of the LTL model checking problem) Let ¢ be a LTL formula
in PNFE, k the bound, |; = true ifi € {0, ...,k — 1} and j is the state the back loop points to.
Then we can reduce LTL to propositional logic with the following rules:

1. [pli = pifori <k
[p]; = \/?;é(lj Apj)fori=k

2. [-pli = ;&-fori <k
[p]i = \/j:o(lj A _‘pj)fori =k

3. [X¢'li = [@;]i—glfori <k-1
[(X¢'li = Vizo (U A@']j) fori=k —1

4. (21Ul = [pali V ([eali A [o1Up2liva) for i < k
[p1Ugsi = V;_ O(Z N {p1Ups);) fori =k
(Pr1U2)i = [pali V ([p1li AM{prUp2)ita) fori < k
(p1Ups); = false fori =k

5. [p1Rpsli = [@2] ([p1]i V 1 Repaliya) fori < k
o1 Ripali = /' o(l A(p1Rpa);) fori =k
(prRp2)i = [p2]i A ([p1]i V (o1 Rp2)ir1) fori < k
(p1Rpo); = true fori =k

Definition 11 shows how this unrolling works. Basically, we express for every position in this
word model which variables need to become true such that the LTL formula is satisfied in this
position. For example for Lla, in each position 7, the variable a; must be true. We start with
¢ = 0 and unroll the formulas until ¢ = £ — 1 and then we start with unrolling every possible
loop once.

Atomic proposition p: For atomic propositions, we transform p into a variable p; by adding
the current position 7. When reaching the loop state, we iterate over all possible po-
sitions to loop to, connecting them by an V-operator. Each loop is represented by the
A-combination of the atomic proposition at the position we loop to and an unique vari-
able [;. We use [; to take care that only one loop can be selected for each assignment.

Negated atomic proposition —p: The transformation for formulas of the type —p works ex-
actly the same way. The only difference is that we negate the retrieved variables.

Formulas that contain X -operator X ’: For formulas of the type X', we simply encode
the formula ¢’ for the next position. Moreover, we do the same for expressing the loops
as before. The only difference is that we compute the transformation of ¢’ for the next
position instead of a variable expressing the atomic proposition or its negation.

Formulas that contain U-operator ¢,Upy: For the formulas of the type ¢, U o, the SAT en-
coding at position ¢ says the following: Either (s is fulfilled at position ¢ or ¢ is fulfilled
and the SAT encoding of the formula at the next position is fulfilled. When we start encod-
ing the loop, we compute the chain of terms connected by an V-operator as before. When
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encoding the looped until operator, however, we use mutual recursion in order to express
the differences: the whole formula is encoded like before until we reach position £ — 1.
After that, the formula is just encoded to false.

Formulas that contain R-operator ¢, Rpo: The encoding for the release operator is similar
to the encoding for the until operator except that the SAT encoding says that 5 and either
1 or the SAT encoding of the formula at the next position are fulfilled. Moreover, the
mutual recursion encodes the formula at the end of the loop to true.

Next, we need to transform our models into formulas. This is necessary, because we want to
count models of a specific bound &k and without this limitation, we would also count models
with a lower bound or empty models. For word models this transformation is quite simple.
For each position, we build a clause out of all atomic propositions and then, we connect these
clauses with an A-operator. This formula represents all possible word models for this length.
For tree models it is a little bit more complicated and we therefore build one formula for each
possible tree model. Thereby, we build one formula for each path and connect them through an
A-operator. The formula for a path is build similar to the formula for word models, but instead
of building a clause of all variables of that position, we build one clause for all variables that
represent atomic propositions in the position and one clause for all variables that do not repre-
sent atomic propositions in that position. The latter clause only contains negated variables.

Finally, we connect both retrieved formulas through an A-operator.

4.2.2 Counting Word Models without Loops

Now we are moving to our actual goal of model counting. For bounded model counting without
loops, we start with transforming our LTL formula into PNF. After that, our formula does not
longer contain any [J-, (-, —- or <»-operators. This is necessary since our bounded model
checking rules are not defined for these operators.

Next, the transformation of the LTL formula into the SAT formula begins. Since we are not
considering loops, we can simply transform the formulas with help of the rules presented in
Definition 12. These rules are similar to the rules presented in Definition 11, but do not contain
a case for loops.

Definition 12 (Model Counting via propositional Counting) Let © be a LTL formula in PNF,
k the bound and we consider word models without loops. Then, we can reduce LTL to proposi-
tional logic with the following rules:

1. [pli=pifori <k—1
[—pli = —pifori <k —1
(X¢']i = [¢]ig1fori <k —2

[1Ups)i = [p2]i V ([p1]i A [91Upaiga) fori < k
[01Ups]; = falsefori=k

5. [e1Rpa]i = [pali A ([1]i V o1 Replig) fori < k
[p1Rps); = true fori =k

A w0
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This transformation works as expalained in the bounded model checking section, except that
when reaching the end of the model, we do not enter the loop case. In general, for bounded
model counting, we would have to encode our model into a SAT formula as well. If we would
regard empty word models or word models with a length smaller than the bound, this would not
be necessary. Therefore, we transform the word model into a formula by connecting all possi-
ble variables of position zero with an V-operator and then do the same for all other positions
in the word model. Finally, we connect all these disjunctive formulas with several A-operators.
For example, the formula for a word model with bound 2 and 2 atomic propositions would be
(ag V bo) A (ay V by). For model checking, we would have to encode the model we want to
check, for counting, we need to encode every possible structure of our word models.

After concatenating the formula generated out of the word model with the formula received via
bounded model checking through an A-operator, we can simply check the satisfiability of the
formula and add one for each solution per word model that satisfies the formula. Furthermore,
we guarantee this by taking all variables (also those that do not appear in the formula) into ac-
count.

As mentioned before, we chose this kind of approach in order to make use of the results of
SAT counting for LTL counting. Therefore, we choose three good SAT counters to evaluate the
model count. These three SAT counters are the exact counter Relsat [1] and the approximate
counters ApproxCount [18] and ApproxMC [4]. All of them can only process SAT formulas
delivered in DIMACS format. In order to convert a SAT formula into DIMACS format, the SAT
formula needs to be in Clausal Normal Form (CNF).

After converting the formula into CNF, our next step is transforming the formula into DIMACS
format. In DIMACS format, all variables are represented by numbers. A negative number
means the variable is negated. As an input, the DIMACS format gets the number of clauses
and the number of variables. First of all, we count the number of clauses we have. Since our
formula is in CNF, we can simply count the number of A-operators and add one. The number
of variables can be computed by multiplying the number of atomic propositions with the bound
k. When we generate a new literal, this literal gets a unique number. For each clause, we add
the arrays of its components to the list that contains all clauses. For each literal, we generate
a new array and concatenate this array with the arrays of the literals it is connected to via an
V-operator. For each negated literal, we negate its value in its array.

Finally, we can write the DIMACS-formated formula into a document and hand it over to Relsat,
which determines the number of solutions.

4.2.3 Counting Word Models with Loops

This approach is quite similar to the approach presented in the previous section. However, there
are a few differences. Since we are considering word models with loops, we use the formulas
presented for SAT encoding in Definition 11 instead of the formulas presented in Definition 12
in order to transform our LTL formula into a SAT formula. The tranformation works just as
explained in the bounded model checking section. Moreover, we need to build £ SAT formulas
out of our LTL formula, one for each possible loop for the word models. Therefore, we add
several variables that denote the different loop-back transitions. These variables are put into
clauses that restrict the use of loops per assignment to exactly one.
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4.2.4 Relsat

Now, we are going to explain the exact SAT counter Relsat [1]. Relsat was developed to demon-
strate the practical utility of CSP look-back techniques. It is a look-back enhanced algorithm
that is used to solve large SAT instances derived from real-world problems in planning. These
look-back techniques are used to exploit information about searches that has already taken
place. They present 3 different approaches for SAT counting, one of them being Relsat.

All these procedures are based on the Davis-Putnam procedure, working as follows: If a contra-
diction is found while applying the Davis-Putnam unit-propagation procedure, usually a failure
is reported and backtracking is initiated. For selecting the branch variable, a heuristic returns
the next variable that should be valued and if neither truth value works, a failure is reported.

However, their algorithms use a modified version of the David-Putnam procedure. In unit-
propagation, a single literal ), derived from a unit clause, is added to the set . Afterwards,
the CNF is simplified by removing all clauses that contain A and shortening those that contain
=\ through resolution. Selecting the branch variables also works different. If there is no binary
clause, than a branch variable is selected at random. If there is a binary clause, then a score is
assigned to each variable x that appears in a binary clause. This score is computed from the
number of negated and not negated appearances of x. Next, all candidates that scored within
the best 20% of all scores are put into a candidate set. The size of this candidate set is restricted
to a maximum of 10. If there are more candidates than space in the candidate set, some of the
candidates are removed at random. If this technique only gathered one candidate, they select
this candidate as their branch variable. Otherwise, they re-score their candidates. First, the pos-
itive and negative values are computed as retrieved from unit propagation until a contradiction
is found. Next, they select the variable that triggered the contradiction as the branch variable. If
no contradiction is found, the branch variable is selected at random from the best 10% of scored
variables and true is assigned to the branch variable. They support their algorithm by imple-
menting conflict directed backjumping (CBIJ). Thereby, the unit-propagation method maintains
a pointer to the clause in the input file that is used for excluding a specific assignment from con-
sideration. A contradiction occurs when both truth values of a variable are excluded. Moreover,
they apply restricted learning schemes. For Relsat, relevance-bounded learning is applied.

In their experiments Relsat performs good. It can compute 4 out of 6 scheduling instances with
100% success rate and outperforms other state-of-the-art SAT solvers.

4.3 Implementation
In this section, we detail the implementation of our exact approaches for word models, having

a more detailed description on the actual data structures we used. Our programs are written in
Java.

4.3.1 Bounded Model Counting for Word Models

The implementation of this approach is based on the Bounded Model Checking approach for
LTL formulas known from the work of Clarke et al. [2]. We take both infinite and finite word
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models into account and bound them by the length of the base of the word model k. As input
the program gets the formula, the bound and the number of atomic propositions.

Bounded Model Counting without Loops

First of all, the atomic propositions are generated. In our case, they are represented through
letters. For example, if we enter five as the number of atomic propositions, our generator gener-
ates the following set AP = {a, b, ¢, d, e}. Before applying the formulas for the actual approach
(recall Definition 12), we parse the String that represents the LTL formula and transform the
formula into positive normal form (PNF). This transformation is done by the tool presented
in the approach form Giannakopoulou et al. [6]. Note that, for word models, we only use the
translation into PNF and not the translation into Biichi automata. After that we are ready to
apply the bounded model checking formulas. By applying these formulas, we convert all our
atomic propositions into several variables. For example the atomic proposition a is transformed
into the variables aq, as, . . . , ai, if our base has length k.

Furthermore, in order to convert the formula into a machine readable format, we first transform
it into CNF and then into the DIMACS format that serves as an input to our SAT counters.
For transforming the formula into the DIMACS format, we count the number of variables and
the number of clauses we have. Moreover, we assign a value to each variable and for every
clause we put all variables that it contains into a list. Note that negated variables are depicted
as negative numbers.

Since our sat counters cannot be embedded into our Java code, we have to write the DIMACS
encoding of the formula into a file, before calling them as an external program and redirecting
their output back to our Java program.

As an exact SAT counter, we decided to use Relsat [1]. We chose Relsat because of its good
results. By only considering a few variables, it can also outperform our approximate SAT coun-
ters.

As approximate SAT counters, we chose ApproxCount [18] and ApproxMc [4]. The main
reason for choosing ApproxCount is that ApproxCount delivers results that only differ slightly
from the exact number. Our main reason for choosing ApproxMC is that it is one of the latest
SAT counting approaches that promises to deal with formulas presented in CNF much better
than, for example, ApproxCount.

Bounded Model Counting with Loops

The approach with loops is implemented almost exactly the same way than without loops. The
difference is the algorithm we use to implement the tranformation from LTL to propositional
logic. We use the formulas presented in Definition 11 instead of using the formulas in Defini-
tion 12.

4.3.2 Counting Word Models of LTL

As input the program gets the universal safety automaton built out of the specification, the
bound £ represented by an integer value and the number of atomic propositions represented by
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an integer value. The universal safety automaton is represented by an array of long values that
represents the states, a long value that represents the initial state, a map that maps a state to a
set of atomic propositions and another state, which represents the transition function ¢ and a list
of strings that represents the alphabet of the automaton.

Next, the universal safety automaton is transformed into the word automaton. The components
of the automaton are represented by a list of conjecture states and a list of strings that defines the
alphabet of the automaton. The conjecture states are represented by the conjecture set and the
tracking sets as well as a counter. Thereby, both sets are represented by a HashSet and an array
of HashSets. The transition function is represented by a method that computes the transitions
on input of the state the transition starts and the transition symbol.

Finally, the counting algorithm is implemented as described in the corresponding section.
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CHAPTER 5

APPROXIMATE MODEL COUNTING

In this chapter, we explain both, approximate SAT approaches using bounded model counting
as well as our approach using Monte Carlo. We start with explaining the SAT approaches first
and continue with an explanation of the Monte Carlo method and our algorithm based on this
method.

5.1 Word Models

In this section, we take a closer look at our approximate approaches for word models.

5.1.1 Bounded Model Counting for Word Models

The first approach that uses approximate techniques for model counting is closely related to the
exact bounded model counting approach presented in Chapter 4. Taking advantage of approx-
imate SAT counters, we encode the problem in SAT formulas. The first approximative SAT
counter we use is ApproxCount [18] and the second one is ApproxMC [4].

ApproxCount

ApproxCount is a tool for approximating the number of satisfying assignments or models of a
SAT formula developed by Wei et al. [18]. ApproxCount can also provide a good estimate for
those formulas that cannot be handled by most current counters.

While most SAT counters are based on backtracking techniques like DPLL, ApproxCount is
based on a biased random walk strategy and uses an algorithm called SampleSat [17] that draws
near-uniform samples from the solution space of a formula in propositional logic. The advan-
tage of such a sampling approach is that it enables runtime control. They can simply obtain
different maximum runtimes by changing how many samples are drawn in each iteration. Note
that, the more samples are drawn, the more exact the count will be. ApproxCount performs as
many iterations as variables are considered and SampleSat is called in each iteration.

Algorithm 2 explains how ApproxCount determines its count for a formula ¢. First of all, K
samples are drawn from the solution space of (. Next, a variable z, that occurs in ¢, is chosen
at random. For all samples, it is checked whether x is assigned T'rue or False more often and
allocate all x in ¢ to the value it is assigned in the most samples. Finally, they compute the
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Algorithm 2 ApproxCount Algorithm
while ¢! = empty do
Draw K samples from the solution space of ¢
x := choose a variable in ¢ at random
for all K samples do
if #(z = True) > #(x = False) then
@ :=Unitprop(p, x = True)
multiplier M, = K/#(x = T'rue)
else
@ :=Unitprop(p, z = False)
multiplier M, = K/#(x = False)
end if
end for
return product of all multipliers
end while

multipliers and return their product.

Wei et al. [18] evaluated ApproxCount on several domains. In general, they received a good
estimate for all formulas and ApproxCount is able to extend the range of formulas for which
the number of models that satisfy the formula can be computed. Moreover, their experiments
showed that ApproxCount has a low error rate for random formulas and that it approximates the
true count for structured formulas within a factor of 2 or better. Unlike exact counters, Approx-
Count’s runtime does not grow exponentially. Its runtime is upper bounded by the product of
the number of variables, the number of solutions drawn in each iteration and the time needed to
draw a solution. Therefore, ApproxCount has a polynomial runtime.

ApproxMC

ApproxMC [4] is the first scalable approximate model counter for CNF formulas. It counts the
number of satisfying assignments within a given tolerance ¢ and a confidence level 1 — §. By
running ApproxMC with high confidence, it can deliver results that are very close to the exact
counts.

ApproxMC begins with randomly partitioning the set of models into small cells. In order to de-
termine whether a cell is small, it checks if a random cell is non-empty and has less than pivot
elements, where pivot is a threshold that depends on the tolerance €. If the cell is not small, it
partitions the cells into twice as many cells. This process is repeated until it either finds a small
cell or the number of cells is larger than %. If no small cell is found, a counting failure is
reported.

ApproxMC works with help of the core engine ApproxMCCore. The ApproxMC algorithm,
shown in Algorithm 3, invokes ApproxMCCore many times and returns the median of the com-
puted counts that do not result in a counting failure. As an input, the ApproxMC algorithm gets
a CNF formula ¢, a tolerance €, and a value § that is used to compute the confidence level. The
algorithm computes the value of pivot that is used to determine the size of a small cell and a
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parameter ¢ > 1, that depends on ¢. ¢ is used to determine how often we invoke ApproxMCCore.

Algorithm 3 ApproxMC(yp, ¢, 9)
counter =0, C' = emptyList();
pivot = 2% [3e2(1 + 21,
t= (351092(%%
repeat

¢ = ApproxMCCore(y, pivot);
counter = counter + 1;
if (c does not return a counting failure) then
C.add(c);
end if
until (counter > t)
finalCount = FindMedian(C));
return finalCount;

The ApproxMCCore algorithm presented in Algorithm 4 takes as input a CNF formula ¢ and
our threshold pivot and returns an e-approximate estimate of the model count of . This al-
gorithm has access to a function BoundedSAT that takes as input the propositional formula ¢/,
which is a conjunction of a CNF formula and xor-constraints, as well as a threshold v > 0. It re-
turns a set S of models of ¢’ such that |S| = min(v, #¢’). If the model count is not larger than
the pivot element, the exact count is returned. If it is, the space of all models of ¢ is partitioned,
a random cell is chosen and it is checked whether it is small. We continue with checking cells
until a small cell is found or we generate more cells than permitted. Finally, for all small cells,
the size is scaled by the number of generated cells in order to compute an estimated model count.

In their evaluation, ApproxMC was compared to an exact solver and state-of-the-art approxi-
mate bounded counters. At the beginning the exact solver performed better than ApproxMC,
but when the problem-size increased, it timed out. In general, the results of ApproxMC were
near the exact count and it computed better results than the bounded model counters.

Our experimental results for all exact and approximate SAT encoding approaches are presented
in Chapter 6.

5.1.2 Counting via Monte Carlo

Our next approach is a LTL counting algorithm based on the Monte Carlo technique. In order
to check the satisfiability, we use model checking a path [11]. Again, we introduce an approach
for word models with and without loops. However, we start with explaining the Monte Carlo
method in detail.

Monte Carlo Method

The Monte Carlo method is a technique that is used to solve analytically not solvable or only
hardly solvable problems with the help of random experiments. These random experiments are
run many times until we receive a meaningful result.
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Algorithm 4 ApproxMCCore(y, pivot)
Assume that zy, . .., 2, are the variables of (;
S = BoundedSAT(p, pivot + 1);
if |S| < pivot then
return |S|;
else
[ = [loga(pivot)| — 150 =1—1,
repeat
1=14+1;
Choose h at random from a set of Hash functions;
Choose « at random from {0, 1}*7%;
S =BoundedSAT(p A (h(z1, ..., 2,) = «), pivot + 1);
until (1 < |S| < pivot) V (i = n)
if ((|.S]| > pivot) V (|S| = 0)) then
return counting failure;
else
return | S| x 217;
end if
end if

We start with a simple example in order to explain the Monte Carlo method properly:

Example 1 (Calculating an area of a irregular region [9, 15]) The Monte Carlo method can
be used to determine the area of an irregular region X*. To compute this area, we insert our
irregular region into a regular one. In this case, we want to regard a rectangle as you shown in
Figure 5.1.

After that, we apply the following rules:

1. Generate a random sample X, . . ., Xy uniformly distributed over the regular region X.

2. Estimate the desired area | X*| as

N

—~ 1

X+ = !X\NZI{XkeX*}a
k=1

where I{x, cx+y denotes the indicator of the event { X}, € X*} and we accept the gener-
ated point Xy, if Xj, € X* and reject it otherwise.

Unsurprisingly, we can use the Monte Carlo method also for estimating other things than areas.
In this thesis, we use it to generate assignments for SAT formulas and also to generate models
for LTL formulas. To apply the Monte Carlo method to model counting, we use the rules
presented in Definition 13. More details then follow in the following sections that present the
specific applications for word and tree models respectively.

Definition 13 (Monte Carlo for SAT and LTL formulas) We define the Monte Carlo method
for both SAT and LTL counting:

1. Monte Carlo for the SAT counting problem
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X*

Figure 5.1: Illustration of the area we want to determine [15]

(a) Generate a set of assignments X1, . .., X uniformly at random, where X; € X and
i€{l,...,N} and X is the set of all possible assignments for the formula.

(b) Estimate the desired number of satisfying assignments with help of the following
formula:

_ 1 X
X = |X|NZ|X’<?|
k=1

,where N is the number of generated assignments, and | X| = 1, if Xy, satisfies the
Sformula.

2. Monte Carlo for the LTL counting problem

(a) Generate several models X, ..., Xy of length | uniformly at random, where X; €
X,ie€{l,...,N} and X is the set of all possible models of length | over the set of
atomic propositions, the formula is defined over.

(b) Estimate the desired number of satisfied models with help of the following formula:
_ 1 &
X = |25 S 1,
k=1

where N is the number of generated models, and | Xy| = 1, if Xy satisfies the
Jormula.

Model Counting via Monte Carlo without Loops

In a first step, we need to convert our formula into PNF.

Next, we start generating words of length k. We choose £ sets of atomic propositions at random
and concatenate them to a word as described in Algorithm 5. Thereby, we choose a random
number 7 < |AP| — 1 and after that concatenate the r-th atomic proposition to the word. This
procedure is repeated until we have a significant number of word models.

After creating all necessary word models, we begin with determining whether they satisfy our

formula or not. As mentioned before, we use the method presented by Markey et al. [11]. We
first split the formula into parts. Out of the formula aUb we receive the formulas a, b and aUb.
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Algorithm 5 generateWordBase(AP)
word =null;
for (i1 =0,i<k—1,i++)do
r =new random Ar < |AP|—1;
word.concat(AP(r));
end for
return word,

Then, we build a table for each word model, that assigns each subformula and position in the
word model a truth value. An example for such a table is shown below. An entry in the table
is true, if the respective formula holds beginning at the current position. Otherwise the entry is
assigned false.

Example 2 (CTL Model Checking for the formula —aUb and the word bbaacc)
b b a a c c

a false | false | true | true | false | false

b true | true | false | false | false | false

aUb | true | true | false | false | false | false

—alUb | false | false | true | true | true | true

The table is build as described below. Note that, while processing a formula, we first process its
subformulas and store the results in the table. The algorithm works as follows:

Atomic proposition p: The atomic proposition is the lowest level of all our subformulas. For
each position 7 in the word model, we check whether the i-th atomic proposition in the
word model is equal to p.

Negated atomic proposition —p: For each position, we look up the result for the atomic propo-
sition p in the table and negate the result.

Formula with X -operators X ¢: For each position ¢, we look up the result for ¢ at position
© + 1 and write the result in the table at position .

Disjunction ¢; V p5: For each position 7, we look up the results for ¢; and ¢ in the table. If
at least one of the results is true, our result for this position is true. If not, the result is
false.

Conjunction ¢ A ¢o: For each position 7, we look up the results for ¢; and ¢ in the table. If
at both results are true, our result for this position is true. If not, the result is false.

Formula with U-operator U p,: Starting at the last position of the word model, for each
position ¢, we look up the results for ¢, and ¢ in the table. Until we reach a position
where the result for ¢, in the table is true, we write the value false into all positions of the
table and assign true to this position. After reaching this position, we continue checking
the results of 1 and ¢ in the table and if at least one of the results is true, our result for
this position is true.

Formula with R-operator ¢, Ryp-: For release, we also start from the last position in the word
model, looking up the truth values of ¢; and 5. For release to be true from a given
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position ¢, either ¢, holds at all positions j > 7 until the end or ¢ holds until some
position j > ¢ at which both ¢, and ¢4 hold.

Afterwards, we take a look at the first value of the boolean array stored for the whole formula.
Is this value {rue, we increase our counter, because this means that the formula holds from the
beginning of the word model. Finally, we return the value of the counter divided by the number
of models we created.

Model Counting via Monte Carlo with Loops

In this section, we consider word models with loops. Basically our algorithm presented in the
previous section remains the same. The only thing we need to change, is how we generate our
models. Until now, we only generated a base of a word model. Therefore, we need to add the
loop-back transition to our models.

In Algorithm 6, we describe how to generate these word models. At the beginning, we generate
our word base as shown in Algorithm 5. Afterwards, we choose a random value [ that marks the
beginning of the loop-back transition. Next, we memorize the part of the word from [ to £ — 1
in the variable [oop and concatenate the base with [oop. Finally, we process our word models
with the same algorithms described in the previous section.

Algorithm 6 generateWordModel(A P)
word = null;
for(i=0,1<k-—1,i++)do

r =new randomAr < |[AP| — 1,
word.concat(AP(r));
end for
[ = new random Ar < |[AP| — 1;
loop = null
for(i=10,i<k—1,i++)do
w = word.get(7);
loop.concat(w);
end for
return word.concat(loop);

5.2 Tree Models

In this section, we concentrate on our approaches for tree models. Note that we do consider
bisimilar trees as being equal and therefore count only one of them.

5.2.1 Bounded Model Counting for Tree Models

First, we present two bounded model counting approaches, one that takes does not loops into
account and one that does. Both of them generate a certain number of trees at random and then
use Relsat [1] for satisfiability checking.
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Bounded Model Counting without Loops

Our algorithm gets as input the number of atomic propositions, the depth of the trees that should
be generated and the number of trees, we want to generate. We again start with parsing our for-
mula and transforming it into PNF.

Next, we start generating the trees. A tree model consists of a root node, child nodes and several
leaf nodes. We start with the set of atomic propositions AP and the depth of the tree k as input
and create an empty tree of depth k. Then, we build up the tree by creating children for each
depth-level while maintaining a list of path labels that is used to ensure that we do not have
duplicate paths in the tree.

When constructing the actual tree, we start generating the node on depth level zero, i.e., the root
node. To assign a label to a node, we first determine the size of the set of atomic propositions
for this node at random between 1 and k. Then, we fill the set with randomly chosen atomic
propositions, while ensuring that no atomic proposition is chosen twice. Each node also stores
information about its depth, its parent and its children.

After generating the root node, we continue with depth-level 1, i.e., the root nodes children. All
generated children on the current depth-level are stored in a list futureParents, so that we,
later on, can assign the correct parent to their child nodes. More specifically, beginning from
depth-level 1, we repeat the following process for each parent node p:

1. Generate a list children that will contain all child nodes for this parent.

2. Determine the number of children we want to generate for this parent at random between
1 and k.

3. Generate the child nodes:

(a) Determine labels for the child node the same way as described for the root node.

(b) Generate a new node and correctly set the information about its depth and its parent.
Then add this node to the list of child nodes of p, to the tree and to the list of
futureParents.

(c) Update the list of path labels.

4. Build a reference to each child in the parent node p.

We repeat this process until we reach the maximum depth level k. Then, we eliminate duplicate
paths according to the list of path labels and return the tree.

Note that we bound the tree not only by depth, but also by the degree. Since we only want
to consider unique paths, it would slow down the performance of the program enormously. In
order to avoid this, we only consider nodes with maximum of |AP| child nodes.

Now we can start with our actual counting algorithm. This algorithm is based on the model
checking algorithm that is repeated for each tree model. After each run is finished, we increase
a counter when the tree model satisfies the formula.

To check if a model satisfies the formula, we first convert our LTL formula into a SAT formula.

This can be done similar to the approach presented for word models, but since we are consid-
ering tree models and tree models are a composition of word models, we need to make some
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changes in the conversion. A tree model fulfills a formula, when all its parts fulfill the formula
and we need to differentiate between atomic propositions used in several paths. Appending
the depth-level to atomic propositions does not suffice in this case, because the same atomic
proposition can occur multiple times in the labels of the given depth-level. Consequently, we
assign each node a unique id. Furthermore, our algorithm converts each path separately, so that
we also need to get all paths of a tree. In Algorithm 7 and 8, we show how we obtain the paths.

Algorithm 7 getPaths()
List paths;
Array pathSoFar;
getPathsByld(getRoot(), pathSoF ar, paths)
return paths;

Algorithm 7 initializes the gathering of all the paths of the tree and returns the list of all paths
when Algorithm 8 is finished for all nodes.

Algorithm 8 getPaths(Node n, pathSoFar, paths)
Array cur Path = copyOf(pathSoFar, pathSoFar.length);
cur Pathln.get Depth()] = n.getld();
if (In.isLeaf()) then

for (int 7 = 0; 7 < n.getChildNumber(); :++) do
getPathsByld(n.getChild(z), cur Path, paths);
end for
else
n.addPath(cur Path);
paths.add(cur Path);
end if

Algorithm 8 is called for each node and sets the unique id of each node into its corresponding
path arrays. Then it calls itself for all the child nodes of the current node n and upon reaching
a leaf node, it adds the path cur Path to the list of all paths paths.

After that, we can start transforming our LTL formula into a SAT formula. The only differ-
ence from the conversion for word models is that it also gets the current path as an input. This
conversion is repeated for every path of the tree model and the formulas are connected with an
A-operator, resulting in a SAT formula consisting of the subformulas for each path.

Next, we convert our tree model into a formula. In contrast to the bounded model counting ap-
proach for word models, where we encoded all possible word models into propositional logic,
here we have a specific tree model that needs to be represented. The conversion of a tree model
into a SAT formula is shown in Algorithm 9.

In Algorithm 9, we convert a tree into a SAT formula by traversing the tree using DFS recur-
sion. For each node n, we build a formula ¢,, = /\pEO(n) Did(n) N\ /\p cAP\o(n) "Pid(n)- Pn contains
all atomic propositions in the label (concatenated with the nodes unique id) as positive literals
and all atomic propositions not occurring in the label (also concatenated with the nodes id) as
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Algorithm 9 convertTree(Node n, AP)
formula ¢;
List children;
¢’ = new Literal(n.getName(0));
for (int i = 1; 7 < n.getNames().size();i++) do
©' = '\ new Literal(n.getName(7));
end for
HasSet not = AP;
not.remove(n.getNames());
for (String ne : not ) do
¢ = ¢'A ! new Literal(ne + n.ID)
end for
if (!n.isLeaf()) then
Node child = n.getChild(0);
¢ = convertTree(child, AP);
for (int i = 1; 2 < n.getNames().size();i++) do
©" = " A convertTree(n.getChild(i), AP);
end for
return ©’ A ©”;
else
return ’;
end if

negative literals. All literals are connected by an A-operator. In the end, the algorithm returns a
formula that combines all ¢,, into one formula using the A-operator.

After that, we connect the SAT formula obtained by converting the tree with the SAT formula
obtained by converting the LTL formula through an A-operator. This formula is then converted
into CNF and afterwards converted into DIMACS format. Finally, we feed the DIMACS for-
mula into Relsat [1] and the satisfiability is checked. If the formula is satisfiable, we increase
the counter.

This is repeated for each randomly generated tree model and at the end we output the counter.

Bounded Model Counting with Loops

The algorithm in this section is similar to the one presented in the previous section. The main
difference occurs when transforming the LTL formula into the SAT formula, because we need
to take loops into consideration. For each path in the tree, there are several loop-back transi-
tions possible. We therefore convert the formula as for word models with loops and modify this
algorithm according to the changes for tree models we presented in the previous section.

We again use special loop literals, however, now we need them to ensure that at least one
loop per path (instead of exactly one for word models) is chosen for an assignment. Besides
leveraging the unique node id’s to determine a literal’s position in the tree as seen before, the
loop literals must be annotated with a path number to distinguish between the loops of different
paths.

For counting, we connect all terms, each representing a path in the tree, through an A-operators

27



CHAPTER 5. APPROXIMATE MODEL COUNTING

and call Relsat on the computed term. This time, Relsat does not only return whether the base
satisfies the formula or not, it also computes how many models of that base satisfy the formula.
At the end, we return the sum of these computations.

5.2.2 Model Counting via Monte Carlo

In this section, we present an automata based approximate tree counting algorithm. The algo-
rithm is based on the automata based approach proposed by Vardi et al. [16] to check whether
a model fulfills the formula.For our approach, the respective models are generated using Monte
Carlo. Note that we only consider tree models and not their bases. Figure 5.2 gives an overview
of this technique.

Tree Model LTL formula—%

L ¥

Transition System TS Btichi Automaton A-

Product Transition System
TS x Ay

Path satisfies accepting
condition of A,

yes no

Figure 5.2: Automata Based Model Checking [16]

As an input, this algorithm gets the formula (, the depth of the tree model k, the number of
atomic propositions | A P| and the number of tree models that should be generated.

For this approach, the tree models are generated as before. However, instead of encoding the
loops in a formula, we now have to explicitly add them in our tree representation, because we
are now considering tree models and not their bases. Recall that for tree models, each leaf can
have several loop-back transitions. Therefore, for each leaf node, we first randomly select the
number of loop-back transitions between 1 and k. Then, we randomly choose the actual transi-
tions and store this information in the tree.

In order to check whether the tree model satisfies the formula, we rely on the fact that each LTL

formula can be represented by an NBA. Basically, instead of directly checking if the tree satis-
fies the formula, we equivalently check if the product transitions system of the tree model and
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the NBA of the negated formula does not contain a path satisfying the accepting condition of
the NBA. To this end, we first parse - and translate it into a Biichi automaton as presented in
the approach of Giannakopoulou et al. [6]. Then, for each tree, we build the product transition
system of the automaton and the tree as presented in Definition 14 and in Algorithm 10.

Definition 14 (Product of a Transition System 7'S and a Biichi Automaton A) LetT'S = (5, s¢, T, 0)
be an AP-labeled Y-transition system without terminal states and A = (Q,247,5,Qq, F) a
non-blocking NBA. Then, T'S x A is the following transition system.:

TS x A= (SxQ,71, s, AP 0)
where
1. 7' is the smallest relation defined by
s—tANq & D
(s,q0) = (t.p)

2. 5= {(s0,0) | 5030 € Qo-s0 =2 g},
3. AP = Q.
4. 75 xQ—2%is given by T'((s, q)) = {q}.

As input, Algorithm 10 gets the tree ¢ and the automaton b, we want to build the product of.
Next, we access both the root node of the tree sy and the initial state of the automaton ¢y and
compare whether the labels of the node and the labels of each of the outgoing edges are the
same. If this is the case for one of the outgoing edges, we build a new initial node (sg, ¢) for
the transition system, where ¢ is the state in the automaton the edge points to. We continue
with checking the other edges of ¢, and after gathering all initial states, we return the transition
system. Note that all other elements of the formal definition (including the transitions) can be
computed on-the-fly. Therefore we do not precompute them.

An example of such a product transition system is shown in Figure 5.3.

Having the product transition system, we can start with the model checking process. In order
to determine whether the accepting condition is fulfilled, we use Algorithms 11, 12 and 13. In
these algorithms, we basically perform some nested depth-first search (DFS). We perform two
kinds of depth first search, outer and inner DFS. The outer DES is shown in Algorithm 11 and
it explores all reachable states that are not accepted. The inner DFS is shown in Algorithm 13
and seeks backwards edges that lead to a state found in the outer DFS.

Starting with initializing the set of states visited in the outer DFS R, the stack for the outer DFS
U, the set of visited states in the inner DFS 7' and the stack containing for the inner DFS V,
we explore all states in the outer DFS, we did not visit yet. If we find a state we did not visit
yet, we start with the inner DFS as shown in Algorithm 12 and change the value of the variable
cycle found when a contradiction is found.
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Algorithm 10 buildProduct(Biichi Automata b, Tree t)
Node sy = t.rootNode;
State qo = b.getlnitialState;
List initial StatesT'S;
labels = sy.getLables;
for (edge : qy.getOutgoingEdges) do
if TS.checkGuard(labels, edge) then
(*is true if the labels of the tree node are the same as the ones for the edge of the
automaton®*)
State g = edge.getNextState;
initial State.add(sg, q);
end if
end for
return new TS(initial States);

Figure 5.3: a transition system, a Biichi automaton and their product transition system [16]
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Algorithm 11 persitencePropertyCheck(Transition system 7°S)
HashSet R;
Stack U;
HashSet T7;
Stack V;
boolean cycle found = false;
while (= R.containsAll(7T"S.getInitialStates())A—cycle found) do
Node s;
for (Node ¢ : T'S.getlnitialStates()) do
if (—R.contains(z)) then
S=D;
break;
end if
end for
cycle found =reachableCycle(s, R, U, T, V);
end while
return —cycle found,

As input, Algorithm 12 gets the node s we are visiting, the set R of visited states in the outer
DEFS, the stack U for the outer DFS, the set T' of visited states in the inner DFS and the stack
V' for the inner DFS. First, we push the node s on the stack U and add it to the list R. Then
we check whether R contains all successors of the state s’ € U. Is this not the case, then we
push the unvisited successors of s’ onto the stack U and add them to R. If it does contain all
successors of ' € U, then we pop s from U and if it is not accepted then we call the inner DFS,
namely Algorithm 13.

As input, Algorithm 13 gets the node s, the stack V' for the inner DFS and the set T of visited
states in the inner DFS. We first push the node s on the stack V' and add it to the set 7. Then
we repeat the following procedure until either cycle found is true or V' is empty.

1. Take the top element s’ of V.

2. If s is a successor of ', then we found a cycle and set cycle found to true. Furthermore,
we push s on the stack.

3. If s is not a successor of s’ and the set of successors of s without the set 7" is not empty,
we push an unvisited successor s” of s on V and add itto 7.

4. If the set of successors of s without the set 1" is empty, we pop V.

Finally, we return the actual value of cycle found.

If these algorithms say that the property holds, we increase a counter. Finally we return the
counter as the result of our model counting algorithm.
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Algorithm 12 reachableCycle(Node s, Set R, Stack U, Set T', Stack V')
U.push(s);
R.add(s);
repeat
s’ = peek(U);
Node s7;
if (Node 7 : s.getNext()) then
if (—R.contains(z)) then
S1 = ’i;
break;
end if
U .push(sy);
R.add(sy)
else
U.pop();
if (s’.isNotAccepting()) then
cycle found = cycleCheck(s’, T, V)
end if
end if
until (U .isEmpty() Veycle found)
return cycle found,

Algorithm 13 checkCycle(Node s, Set T', Stack V')
cycle found = false;
V .push(s);
T.add(s);
repeat
s' = peek(V);
if (s’.getNext.contains(s)) then
cycle found = true;
V .push(s);
else
if (=7 .containsAll(s".getNext())) then
Node s”;
for (Node 7 : s'.getNext()) do
if (=T .contains(7)) then
§" = i
break;
end if
end for
else
V.pop();
end if
end if
until (V.isEmpty() Veycle found)
return cycle found;
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5.3 Implementation

In this section, we describe the Implementation of all approximate approaches for both word
and tree models.

5.3.1 Word Models

Regarding word models, we implemented two different approximate approaches. The first one
is a Bounded Model Counting [2] approach that counts models both exact and approximate and
the second one is an LTL counting approach that uses Monte Carlo. Since we already described
the implementation for the first approach in the previous chapter, we will only describe the
Monte Carlo algorithm.

Counting Word Models via Monte Carlo

In order to make LTL model counting faster than in the previous section, we chose to implement
an approximate LTL model counter. As input the program gets the LTL formula ¢, the number
of word models k it should generate, the number of atomic propositions | AP| we consider and
the length of each base of each word model.

Counting Word Models via Monte Carlo without Loops Just like in the bounded model
counting approach, the program starts with converting the formula into PNF with help of the
tool presented by Giannakopoulou et al. [6] and generates the atomic propositions as explained
above. Next, the program starts generating word models and puts them into a list. These word
models are generated by choosing £ sets of atomic propositions. To this end, the atomic propo-
sitions chosen after « random choices is put at the i-th position in the string array.

After that, we start checking whether the word models satisfy the formula or not. For this we
use the CTL method, also called model checking a path, by Markey et al. [11]. This means we
create a table and check whether the first position in the last row is true. If this is the case, the
word model satisfies the formula.

In our program, the table is represented through a map. It maps each part of the formula to a
boolean array. This array contains for each position in the word model whether the formula
beginning from that position is fulfilled at this position or not. We start with the smallest parts
of the formula and use the previous results for computing the results for the other parts of the
formula. Finally, we check whether the first position of the array for the whole formula is
satisfied and return this as a result. After that we count the results with value ¢rue and return
the percentage we get from dividing the sum through the number of generated word models.

Counting Word Models via Monte Carlo with Loops Counting word models with loops is
very similar to the approach without loops. The only difference is the word model generation.
We start with generating the models like we did without loops. Then we need to add the loop
to the model. In order to do this, we chose the position [ the loop-back transition points to at
random. Then we add the part of the word model from [ to the end to the word model, we
generated first. Finally, we proceed as described above.
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5.3.2 Tree Models

For tree models, we implemented three different approaches. Two are bounded model counting
approaches, where one of them counts the number of bases and the other one the number of tree
models. The third approach is based on the Monte Carlo technique and only counts tree models.

Bounded Model Counting for Tree Models

The implementations of these approaches are also based on the Bounded Model Checking ap-
proach known from the work of Clarke et al. [2]. We take both infinite and finite tree models
into account and bound them by the depth of the base of the tree model k. As input the pro-
gram gets the formula, the bound, the number of atomic propositions and the number of trees it
should generate.

Bounded Model Counting without Loops First of all, the atomic propositions are generated
similar to the generation in the other approaches. In this case, they are represented through
strings. Before applying the formulas defined in Definition 12, we parse the string that repre-
sents the LTL formula and transform the formula into positive normal form (PNF). This trans-
formation is done by the tool presented in the approach form Giannakopoulou et al. [6]. Note
that, for this approach, we only use the translation into PNF and not the translation into Biichi
automata.

Next, we generate the desired number of tree models. A tree model is represented as a list of
nodes and a node contains information about whether it is a root or a leaf or both as well as
information about its child nodes and parent node. Moreover, information about the path of the
tree it belongs to and its id are stored in the node.

After that, we enter a loop that generates and checks the formulas for all generated tree models.
First, we apply the bounded model checking formulas. Since we are not considering loops, we
only need to change the formulas as presented in Definition 12 by adding information about the
paths. Next, we convert the tree model into a SAT formula and connect it with the SAT formula
we gained out of the LTL formula through an A-operator.

The next steps are the CNF conversion and the DIMACS conversion, which are similar to their
counterparts for word models.

Since Relsat cannot be embedded into our Java code, we have to write the DIMACS encoding
of the formula into a file, before calling it as an external program and redirecting its output back
to our Java program. This time, Relsat only checks whether the the formula is satisfiable. We
increase our counter if the formula is satisfiable and in the end, the counter is returned.

Bounded Model Counting with Loops The implementation of this approach is almost simi-
lar to the previous one. The only difference is that we transform the LTL formula into the SAT
formula by applying different rules and that we use Relsat not only for satisfiability checking,
but also for counting models. We return the sum of all counted models as our result.

Model Counting via Monte Carlo

As an input the program receives the formula represented through a string, an integer that rep-
resents the number of atomic propositions, an integer that represents the depth of the tree and
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an integer that denotes the number of trees we want to generate. First, the formula is translated
into a Biichi automaton by the tool presented by Giannakopoulou et al. [6]. Next, we generate
a set of random trees. The representation of the tree is the same as described in the previous
section except that we now explicitly store loop-back transitions in our datastructure.

After that, the product transition system is built. It is represented by the list of initial states of
the transition system. These nodes consist of a state of the automaton, a node of the tree the
transition system is build on and of a list of successor nodes. Finally, it is checked whether the
tree model fulfills the formula by applying the nested DFS and generating transitions on the fly.
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CHAPTER 6

EXPERIMENTS AND EVALUATION

6.1 Setup and Benchmarks

We have two different setups for our experiments. We ran the experiments for tree models on
an Intel Core 15 processor with 2.3 GHz and 4GB virtual memory. Our approaches for word
models are run on an Intel(R) Xeon(R) CPU E5-4650L 0 processor at 2.60GHz. This machine
has 786 GB RAM and 64 cores. Our two benchmarks are the performance of the algorithms
and the exactness of the results of the approximate counters. The performance is determined
by the runtime of the program by steadily increasing the bound. The exactness of the results is
determined by comparing the approximate results to the exact ones. Both kinds of results are
very important to determine the usability of our approaches. We run ApproxMC with tolerance
0.7 and confidence 0.3.

We test several formulas which are either used in practice [7], are part of the GR1-formulas [13]
or introduce an interesting behavior for some of the counting algorithms.

6.2 Word Models

We are considering a Monte Carlo approach and several bounded model counting approaches
in this section. First, we consider word bases and determine the quality of the results. Next,
we do the same for the approaches that consider word models and finally we take a look at the
runtime of all our algorithms.

6.2.1 Word Models without Loops

We begin with a comparison of all the base counting algorithms. The results of this comparison
are showed in Figure 6.1. In this figure, we compare our approximate algorithms with the
exact algorithm BMC Relsat. The percentage shown in this diagram is computed by dividing
the number of all models that fulfill the specification through the number of all models (for
the counters based on bounded model checking) or the number of generated models (for the
counters based on Monte Carlo). We call the difference between the exact count and the count
of the approximate algorithm a deviation. The average deviation is computed by summing up
all the deviations of an algorithm and dividing it through the number of formulas.

In general, all approaches perform good. The Monte Carlo approach has an average deviation
of 8.36%, its maximum deviation is 20% and its minimal is 3%. For bounded model counting
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Figure 6.1: Results of the word base counting algorithms with bound 3 and 3 variables

with ApproxCount, the average deviation is 3%, the maximal deviation is 10% and the minimal
deviation is 0%. For the ApproxMC approach, the average deviation is 1%, the maximal one is
3% and the minimal one is 0.3%. The ApproxMC approach clearly performs best. It does guess
the result almost correctly for each of the tested formulas, although we run it with a relatively
high tolerance and a low confidence. Therefore, we can recommend using this approach for
both liveness and safety properties. In general, the Monte Carlo Approach yields good results
for both checking safety and liveness properties and the ApproxCount algorithm computes very
good results considering safety properties. For safety properties like [a, the ApproxCount ap-
proach is even more accurate than the ApproxMC approach.

In contrast, both the ApproxCount and the Monte Carlo approach introduce some outliers. Most
outliers for the Monte Carlo approach occur by executing a formula that contains an Until-
operator. The outliers of the ApproxCount algorithm occur when checking liveness properties
like Qa. Especially then the ApproxCount algorithm is very unstable, as we can see in Fig-
ure 6.3.

However, the greatest problem of the bounded model counting algorithm, especially the algo-
rithm that uses ApproxMC, is that they do not scale when we are regarding difficult formulas
with a higher input. We run the algorithms again, with more variables and a higher bound. The
results are shown in Figures 6.2. All algorithms except the Monte Carlo algorithm have no re-
sults for several formulas. All except one of these results were not computed, because the CNF
conversion did not scale. The result for the formula [J0a — [JOb by running ApproxCount was
not computed because ApproxCount terminated after beginning the first iteration. Either it was
because the CNF formula was to complicated for the SAT counter or a program error occurred.
Since we were executing the formula several times and did not receive a result, we believe that
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the former explanation is correct. Note that ApproxMC was not able to compute a single result
for this comparison, because it did not terminate even after five days. As you can see later on,
ApproxMC is the slowest algorithm and therefore does not scale properly.

Another important issue, besides the errors, is of course the accuracy of the results from our two
approximate approaches for this size of the models. Thereby, the results are very different. It is
highly dependent on the formula, which algorithm performs better. On average, the Monte Carlo
approach differs from the exact approach about 12%. The highest deviation of this algorithm
are about 40% and the smallest is about 0.1%. The average deviation from the approximate
bounded model counting algorithm using ApproxCount is 28%. Moreover, its highest deviation
is 98%, whereas its smallest deviation is 0%. ApproxCounts high deviation is due to its use
of SampleSat [17]. In each iteration, SampleSat draws the samples of our formula. However,
it does only perform near uniform sampling and therefore there can be a deviation from uni-
form sampling. And this deviation leads to such big miscalculations as for the formula ¢a. In
general, the ApproxCount approach performs really good for universality checking and safety
properties. It is worse especially for existence checking and liveness properties. If we would
not consider formulas belonging to the existence pattern, the average deviation of this approach
would be much smaller.

When we run the ApproxCount approach 10 times for the same formulas, we can see that
sometimes the average result does not differ much from the result gathered in one run. For
some formulas, especially formulas that express liveness properties, this is not the case. One
example is Qa. As shown in Figure 6.3, the result space differs from 10% of all models fulfilling
the formula to 86% of models fulfilling the formula. This high deviation makes the use of the
ApproxCount approach highly impractical, at least for formulas that check the existence of a
certain specification.

For the approximate bounded model counting approach with ApproxCount, the deviation from
the exact solution increases for the average value of ten calls. However, there is still a big differ-
ence between the best guess the algorithm makes and the worst one and that difference almost
does not change when we run the algorithm several times and compute the average value. For
some formulas, the average value is closer to the exact value. Nevertheless running the algo-
rithm several times decreases the highest deviation. This is the highest benefit of multiple runs
against the single run. We think, that, in this case, multiple runs do not pay off. They cost much
more time than a single run and although the results are better than the guesses of the single
run, the difference is not that high.

For the Monte Carlo approach, the average, lowest and highest deviation from the exact solution
is the same for the ten calls as for just one call. In general, the average results also do not differ
very much from the single ones. The ten single results do only differ in the decimal places, if
they differ at all. So basically, by using this approach, we obtain almost the same results for a
formula independent of the number of runs.

In general, with small numbers, all our algorithms perform good in counting, but ApproxMC
is the best. Its only deficit from the experiments we run, is its performance as also shown in
one of the following sections. For this reason, it is best to use our exact approach. It guarantees
the exact results and it outperforms all our approximate approaches, as shown in a section
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Figure 6.2: Accuracy of the algorithms for bound 10 and 10 variables
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Figure 6.3: Results of ten runs of ApproxCount with bound 10 and 10 variables for the formula

Oa

below. For approximate counting of models of bound three, both the Monte Carlo approach
and the ApproxCount approach do a good job. It is really difficult to determine which of them,
we should choose. For safety properties, the approximate bounded model counting approach
with ApproxCount yields the better results than the Monte Carlo approach and we recommend
using the ApproxCount approach when we check formulas belonging to universality patterns.
Therefore, it delivers almost exact results. But when checking liveness properties, it performs
worse than the Monte Carlo approach. So, if you want an algorithm that guesses the right
count with an deviation not greater than 20%, the Monte Carlo approach is the better one.
If you want highly exact results for safety properties and you do not check liveness properties,
then you should choose the approximate bounded model counting approach with ApproxCount.
When considering models of bound 10, it is better to choose the Monte Carlo approach. The
Monte Carlo approach is able to compute results for all tested formulas and has a better average
deviation than the ApproxCount approach. Furthermore, running the approximate algorithms
multiple times does not pay off and leads to almost no difference in the results.

6.2.2 Word Models with Loops

In this section, we focus on the accuracy of our approaches that tackle LTL counting for word
models with loops. In Figure 6.4, the results are shown. Note that —1 as a result means that the
algorithm did not scale for this formula. The reasons for this failures are explained below.

The average deviation of the ApproxMC approach is 0.8%, its maximal deviation is 2% and its
minimal deviation is 0.01%. For the ApproxCount approach, the average deviation is 17%, its
maximal deviation is 40% and its minimal one is 0.6%. Moreover, the Monte Carlo approach
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Figure 6.4: Results of the word model counting algorithms with bound 3 and 3 variables

has an average deviation of 12%, a maximal deviation of 25% and a minimal deviation of 4%.

Again, the ApproxMC approach computes the best results and again it has problems with the
performance. The ApproxCount approach performs worst considering the accuracy. The for-
mulas ApproxCount fails the most are Qa, aUb and OJ((—a A Xa A —b) — Xb). After getting
the results of ApproxCounts high deviations regarding the formula ¢a in the previous section,
this outcome does not surprise us. Again, we can recommend using the ApproxCount approach
for checking safety properties. For the Monte Carlo approach, there are plenty of deviations of
different degrees. It has low deviations for formulas that only have a few solutions. Its worst
deviations are for O((—a A Xa A —b) — Xb) and aUb However, if we want to use an approach
that scales good and yields good results for both liveness and safety properties, then we should
use the Monte Carlo approach.

Basically, all bounded model counting approaches can deliver good results and can be used
without problems, except that they all suffer from performance problems. Most of the errors in
Figure 6.4 result out of the failure of the CNF conversion. However, the error for the formula
O(aU(b V ¢)) does not. As shown, the Relsat approach computes a result for this formula, but
the ApproxMC and the ApproxCount approach do not. They fail, because of the SAT counter
instance. We do not know exactly why they failed, but we think that they both had a timeout.
However, we cannot determine the reason for this failure for sure.
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6.2.3 Performance experiments

In order to get an estimate about the performance of our programs, we increased the bound of the
models continuously. We ran these experiments for both the formulas ¢a and O(aAbAcAdNe —
XHANDOa@AbAcANdNg— Xi)ANO(aAbAcANdNh — Xj)and 10 variables and created
1 million models for the Monte Carlo approach. Since the bounded model counting approaches
for loops do not scale, we first take a look at the approaches for the bases.

The results are shown in Figure 6.5 and 6.6. The Relsat counting approach clearly performs best
in both cases. It performs almost more than 20 times better than the other approaches although
it counts exact. However, we believe that this good performance is not possible for all kinds of
formulas. For example, all approaches based on bounded model counting do not scale for the
GRI1 formulas with bound 10 and 10 variables. Sometimes, the CNF conversion is responsible
for that, but not in every case.

Atfirst, for the formula C(aAbAcAdNe — X f)AO(aAbAcAdAg — X i) AD(aAbAcADNh —
Xj), the Monte Carlo approach and the ApproxCount approach perform almost equivalent.
Note that we can make the performance of the Monte Carlo algorithm better by generating less
models. The accuracy performance between 100000 and 1000000 generated models does not
differ much. However, after considering models with a bound higher than 20, the runtime of
the Monte Carlo approach increases faster than the one of ApproxCount. This changes when
we are considering a bound of 90. Then they need exactly the same amount of time to compute
the models. After that the Monte Carlo approach is faster and for bound 150 the ApproxCount
approach does not scale anymore.

The results for the formula Qa slightly differ from the one for the formula J(a AbAcAd AN e —
XfinGQanbAeANdNg = Xi)ANO@AbAecANdANh — Xj). Again, Relsat is the
fastest approach and the ApproxCount approach does not scale anymore for bound 150. For
bounds lower than 150, the ApproxCount approach shows a much better performance than be-
fore, its runtime decreases from bound 20 to bound 60 and starts increasing again when it starts
considering a bound of 80. The reason for this strange behavior is again the unstableness of
ApproxCount for this kind of formula. By running ApproxCount 10 times with this formula,
we could observe the unstableness in the results as well as the unstableness in the runtime. The
worse the results for accuracy are, the better the runtime gets. This triggers the decreasing of
the runtime for the runs from bound 20 to 60.

Note that there is a reason why no runtime of the ApproxMC approach is shown in any of the
figures. The reason is that after five days of running the approach for the formulas and bound 20,
there was no result computed. This approach is very slow and responsible is the SAT counter
ApproxMC. First, we wanted to run the algorithm with a relatively low tolerance and high con-
fidence, but then no result was received. Later on, we decided to run it with high tolerance and
low confidence and still no result was computed. Therefore this algorithm is highly impractical
for any practical use although its results in the accuracy tests were quite good.

For word models with loops, all bounded model counting approaches did not scale. The primary
reason for this is the CNF conversion that cannot handle formulas that large. By now, we did not
found a CNF converter that solves this problem and we cannot transform the bounded model
checking formulas such that the formula is already in CNF. In contrast, the Monte Carlo ap-
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Figure 6.5: Performance of the algorithms for word models for the formula J(aAbAcAdAe —
XHnOaAnbAeANdNg— Xi)ANO(@AbAcANdANh— Xj) considering 10 variables
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proach performs nearly as good with loops as it does without and is on average 9000 ms slower
than its counterpart without loops for the formula J(aAbAcAdAe — X fYAD(aAbAcAdNg —
Xi)AO(@ANbANecANdANh — Xj). For the formula {a, the difference is even smaller. On
average, the approach is only 500 ms slower than its counterpart without loops.

We also compared the performance of both our exact algorithms. The results are shown in
Figure 6.7.

Again, the Relsat approach counting word bases is the fastest and the Word Counting algorithm
presented in [5] is the second best. The Relsat approach for word models did not scale for any
of our inputs. The reason for this is again the CNF conversion.

Of course, one might say that the comparison of the Relsat approach counting bases with the
Word Counting algorithm might not be fair and clearly it is not, but it gives us an idea how the
Relsat approach for loops would perform if we would not have the CNF conversion problem.
We think that for certain formulas it could be faster than the Word Counting algorithm and
moreover, it would also be possible to determine the count also for formulas that do not specify
safety properties. However, for now the Word Counting algorithm presented in [S] remains the
best exact algorithm for the word model counting problem.

Finally, we compare the performance of the algorithm presented in [5] to the performance of our
approximate algorithms for loops. Since only our Monte Carlo approach scales, we compare it
only to that approach. We run the algorithms considering 10 atomic propositions and check the
formula Ua. The Monte Carlo algorithm generates 100000 models. The results are shown in
Figure 6.8.

The approximate algorithm clearly performs better, but the runtime of the exact algorithm is
not bad either. Note that when decreasing or increasing the number of models the Monte Carlo
approach generates, the runtime can differ.

6.3 Tree Models

We introduced three approximate counting approaches for tree models. One of them considers
tree models that do not have any loops and two of them focus on tree models with loops.
Moreover, one of the approaches is based on automata based model checking and the other two
are built on bounded model checking. First, we take a look at the correctness of the approach
for tree bases. Next, we consider the correctness of the two approaches for tree models and
finally we compare their performance.

6.3.1 Counting Tree Models without Loops

In Figure 6.9, the results of the bounded tree model counting approach without loops and the
exact results are compared.

The average deviation of the approximate count is 4.25%. This is a really low deviation. The
maximal deviation is 7% and the minimal deviation is 0.5%. Both the best and the worst guess
of this algorithm are obtained when taking a GR1-formula into account. Since this approach
is faster than our brute-force exact counting algorithm and derives almost as good results, it is
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Figure 6.6: Performance of the algorithms for word models for the formula {a considering 10
variables

highly recommended to use it for both safety and liveness properties. Although, it is based on
bounded model checking, it can also provide good guesses for trees with a greater depth.
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Figure 6.7: Performance of the exact algorithms for the formula [Ja considering 10 variables
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Figure 6.8: Performance of the exact algorithm and the approximate algorithm for the formula
Ua considering 10 variables (loops)
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Figure 6.9: Results of the tree base counting algorithms with depth 2 and 2 variables and 20
generated models

6.3.2 Counting Tree Models with Loops

In Figure 6.10, we show the results of the experiments for tree models with loops. We compared
the bounded model counting approach and the automata based model counting approach with
the exact results.

As shown, the results are quite good. The average deviation of the bounded model counting
approach is 4%, its maximal deviation is 9% and its minimal deviation is 1%. For the automata
based algorithm, the average deviation is 5%, the maximum deviation is 15% and the minimal
deviation is 0.3%. In general, both approaches perform good. The only large deviations for
the automata based approach occur by executing the formulas (J(aUb) and Oa. Therefore, for
universality checks and for checking safety properties choosing the bounded model counting
approach could be better. The largest deviations for the bounded model counting approach oc-
curs when executing the formulas {a and aUb and therefore, existence checking and checking
liveness properties is better performed by the automata based approach.

If we want a good and fast estimate where we do not need to be afraid that is does not scale, we
choose the automata based approach. The results of the counting are quite promising and in the
few cases, where bounded model counting is better, the difference is really small. Moreover,
we can recommend using this approach for both liveness and safety properties.

6.3.3 Performance Experiments

We run our algorithms for tree models for the formula {a and increase the bound from run to
run. We start with bound 5 and increase it until bound 20. We consider two variables for the
trees and generate 1000 trees in each run. The results are shown in Figure 6.11.

The automata based tree counting approach clearly performs best. The BMC tree counting
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Figure 6.10: Results of the tree model counting algorithms with depth 2 and 2 variables and 20
generated models
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Figure 6.11: Performance of the algorithms for trees for the formula {a considering two vari-
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approach for bases does not scale anymore when the bound is higher than 15 and the BMC
tree counting approach for loops does not scale anymore when the bound is higher than 5. In
contrast, the automata based approach can count trees with a depth greater than 25 without any
problems.

However, converting the SAT formula into CNF is again responsible for this result. The algo-
rithms based on bounded model counting need to convert 1000 formulas, one for each generated
tree, into CNF. Especially by converting LTL formulas that consider loops or considering a high
bound, the SAT formulas get very large, such that converting them to CNF results in an expo-
nentially large formula which then is unfeasible to compute. A solution to that problem is
finding a faster way of converting the formula into CNF, although as far as we know, our CNF
converter is state of the art.

Note that the comparison of all this algorithms might not be totally fair. First, not all algorithms
consider models with loops. Second, the automata based approach builds tree models and then
computes whether the formula is fulfilled whereas the BMC tree counter for loops generates the
base of the models and then applies the bounded model counting formulas for models which
contain loops. Therefore, the bounded model counter can count much more models in a run
that generates ten bases than the automata based approach can when it generates ten models.
However, the performance of the automata based approach remains best.

In general, the bounded tree model counting algorithm for tree bases should be fine for almost

all formulas and depths that are not greater than fifteen. By counting tree models, we would
recommend using the automata based algorithm because of its high performance benefits.
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CONCLUSION

We presented a few LTL counting algorithms for tree and word models. For word models,
we presented one exact and two approximate model counting algorithms as well as an algo-
rithm based on the Monte Carlo method for both counting the bases of the word models and
for counting the models themselves. For tree models, we presented one approximate bounded
model counting algorithm that tackles both the counting problem for tree bases as well as the
problem for tree models and an approximate automata based approach based on Monte Carlo
that is only capable of counting tree models.

We evaluated our algorithms on certain formulas and compared their performance as well as the
accuracy of the approximative algorithms.

Concerning the accuracy of the algorithms, all algorithms for word models and tree models per-
form good. For word models, all algorithms except the ApproxMC algorithm show weaknesses
for certain kinds of formulas. Thereby, the weakness of the ApproxCount approach includes
mostly formulas for existence checking and for liveness properties, whereas for the Monte Carlo
approach, its weakness are formulas that contain the Until-operator. Considering tree models,
no big outliers were found and basically both approaches can be used for checking both liveness
and safety properties.

Concerning the performance, all algorithms based on bounded model counting failed. It was
not possible to compute results for high bounds and lots of variables because of the high com-
plexity of transforming a SAT formula into CNF. When considering models that contain loops,
it also was not impossible to compute results of GR1-formulas for small bounds. Therefore,
the bounded model counting approaches are impractical in practice until the CNF conversion
complexity problem is solved. The other approaches performed quite well and we can highly
recommend using the Monte Carlo approach for word models or the automata based approach
for tree models instead of an exact counting algorithm.

For future work, it would be interesting to run these algorithms on more formulas with a higher
bound and more variables. Due to the limited number of formulas we could compute because of
scaling problems with the exact algorithms and the limitation of the algorithm presented in [5]
to safety properties, this would be useful to get even more significant results. Furthermore, it
would also be interesting to develop a LTL counting approach that does not rely on certain kinds
of models like word or tree models.
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APPENDIX

Here we present useful information, that is not necessarily needed to understand the thesis.

8.1 Experiments

8.1.1 Word Models
Word Models without Loops

We run our experiments for our Monte Carlo approach, and the bounded model counting ap-
proaches. You can see the results for the first one in Table 8.4, the results for the exact bounded
model counting approach in Table 8.3 and the results for the approximate bounded model count-
ing approaches in Table 8.1 and 8.2.

In Tables 8.5, 8.6 and 8.7, the results for the Monte Carlo approach, the Relsat Approach and
the ApproxCount approach for bound 10 and 10 variables are shown.

Formula % of satisfying
Word Models

Ua 12.89
O(—a A Xa A =b) — Xb) 79.3

O(a < b) 8.16

aUb 79.3

Qa 95.62

O(aU(bV ¢)) 86.29

O0a — OO 72.3
(O(C(aU(bV e)))) — O0Xb 14.75

Table 8.1: Results of approximate Counting via Bounded Model Counting and ApproxMC [4]
with bound 3 and 3 variables (no loops)
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Formula % of satisfying
Word Models

Ua 12.5

O(—a A Xa A —=b) — XDb) 76.09

O(a <> b) 6.7

aUb 73.76

Qa 84.25

O(aU(bV ¢)) 81.92

Hoa — OO 66.18

(O(C(aU(bV e)))) — O0Xb 12.82

Table 8.2: Results of approximate Counting via Bounded Model Counting and ApproxCount

[18] with bound 3 and 3 variables (no loops)

Formula % of satisfying
Word Models

Oa 12.5
O(—a A Xa A —=b) — Xb) 78.13

O(a <> b) 7.87

aUb 78.13

Qa 92.12

O(aU(b V ¢)) 85.71

Hoa — OO 71.42
(OOaU((bVe)))) - DO0Xb 14.28

Table 8.3: Results of exact Counting via Bounded Model Counting and Relsat [1] with bound

3 and 3 variables (no loops)

Formula % of satisfying
Word Models

Oa 8.7

O(—a A Xa A —=b) — Xb) 64.56

O(a < b) 3.7

aUb 64.19

Qa 82.86

O(aU(bV c)) 77.78

O0a — OO 76.72
(O(C(aU(bV e)))) — O0Xb 22.22

Table 8.4: Results of approximate Counting via Monte Carlo with bound 3 and 3 variables and

10000 generated models (no loops)
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Formula % of satisfying
Word Models

Oa 0.0074

O(—a A Xa A —=b) — Xb) 23.09

O(anbAceAdhe — X fYANDO(aAbAcAdNg — | 84.43
Xi)yAO(@AbANcNdNh — X7j)

O(a < b) 0.23
aUb 50.14
Qa 99.2
O(aU(bV ¢)) 4.66
Hoa — OO 77.33
(O00a AOOXd) — (O0(b V ¢)) 77.17
DaU(b A c) 15.92
(O(@(avbVvevd))) — (OQ(-bAa))) 39.28
(E(O(aU(bVe)))) = O0XDb 38.55

X(@anbNeNdNeN UX(fFAgARNING) | 1.13

Table 8.5: Results of Model Counting Algorithm via Monte Carlo without Loops and with 10
as bound, 10 as the size of the set of AP and 1000000 generated models

Formula % of satisfying
Word Models

Oa 0.097

O(—a A Xa A —=b) — XDb) 39.52

O(aAbAcAdNe — X fYANO(aANbOAcANdAg — || 67.86
Xi)AD(@AbAcAd AR — X5)

O(a <> b) 0.097
aUb 6.67

Qa 99.9
O(aU(bV ¢)) 22.77
H0a — OO 74.97
(OCa AO0Xd) — (O0((b V ¢)) no result
OaU(b A c) 25.09
(O@O(avbvevd)) — (OQ(bAa))) no result
(O(C(aU(bV e)))) — O0Xb no result

X(@anbNendNeN Y UX(fAgANRNIAJ) || noresult

Table 8.6: Results of exact Counting via Bounded Model Counting and Relsat [1] with bound
10 and 10 variables as input (no loops)
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Formula % of satisfying
Word Models

Oa 0.097

O(—a A Xa A —=b) — Xb) 1.84

O(anbAceAdhe — X fYAO(aAbAcANdNg — | 7.01
Xi)yAO(@AbANcNdNh — X7j)

O(a <> b) 0.005
aUb 5.34

Qa 0.46
O(aU(bV ¢)) 14.54
OCa — OOb no result
(O0a AO0Xd) — (O0((b V) no result
CaU (b A c) 8.46
(O(@(avbVvevd))) — (OQ(-bAa))) no result
(O(C(aU(bV e)))) — OOXb no result

X(anbANeNdNeNHYUX(fANgANRATAJ) | noresult

Table 8.7: Results of approximate Counting via Bounded Model Counting and Approx-
Count [18] with bound 10 and 10 variables as input (no loops)

Word Models wih Loops

In Tables 8.8 and 8.9, the results for the ApproxMC and ApproxCount approach are showed.
Moreover, the results for the Monte Carlo approach and the Relsat approach are shown in Tables
8.11 and 8.10.

Formula % of satisfying
Word Models

Ua 4.78

O(—a A Xa A —b) — Xb) 90.18

O(a < b) 8.13

aUb 80.85

Qa 91.73

O(aU(bV ¢)) no result

O0Ca — OOb no result

(E(O(aU(bVe)))) = O0XDb no result

Table 8.8: Results of approximate Counting via Bounded Model Counting and ApproxMC [4]
with bound 3 and 3 variables (loops)
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Formula % of satisfying
Word Models

Oa 4.02

O(—a A Xa A —b) — Xb) 51.5

O(a < b) 5.24

aUb 57.53

Oa 68.8

O(aU(bV c)) no result

O0a — OOb no result

(O(C(aU(bV e)))) — OOXb no result

Table 8.9: Results of approximate Counting via Bounded Model Counting and ApproxCount

[18] with bound 3 and 3 variables (loops)

Formula % of satisfying
Word Models

Ha 4.68

O(—a A Xa A —=b) — Xb) 89.31

O(a <> b) 7.87

aUb 78.13

Qa 92.12

O(aU(bV ¢)) 94.46

OO0a — OO no result

(OOU((bVe)))) - DO0Xb no result

Table 8.10: Results of exact Counting via Bounded Model Counting and Relsat [1] with bound

3 and 3 variables (loops)
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Formula % of satisfying
Word Models

Oa 8.8

O(—a A Xa A —=b) — Xb) 64.63

O(a <> b) 3.7

aUb 64.22

Qa 82.89

O(aU(bV c)) 77.73

Hoa — OO 66,72
(O(Q(aU(bV e)))) — O0Xb 22.23

Table 8.11: Results of approximate Counting via Monte Carlo with bound 3 and 3 variables and

10000 generated models (loops)

Formula % of satisfying
Word Models

Ua 25

O(—a A Xa A —b) — b) 100

O(a <> b) 0

aUb 75

Qa 75

O(aUb) 45

Héa — IO 45

CaU (b A a) 30

(B(0(a Vb)) = @b A a))) 20

Table 8.12: Results of approximate Counting via Bounded Model Counting for Trees (no loops)

8.1.2 Tree Models

Tree Models without Loops

Here, the concrete results for the exactness checks of the tree algorithms that do not consider
loops are displayed. In Table 8.12, the approximate results are shown and in Table 8.13 the

exact reults are shown.
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Formula % of satisfying
Word Models

Oa 29.62
O(—a A Xa A —b) — b) 100

O(a <> b) 3,7

aUb 81.48

Qa 81.48
O(aUb) 44.44

H0a — LI 44.44
CaU (b A a) 37,03
(O(C(a Vb)) — (O(O(=b A a))) 11.11

Table 8.13: Results of exact Counting for Trees (no loops)

Formula % of satisfying
Word Models

Oa 29

O(-a A Xa A —b) — b) 100

O(a <> b) 2.57

aUb 70.88

Oa 72.33

O(aUb) 65.94

Table 8.14: Results of approximate Counting via Bounded Model Counting for Trees (loops)

Counting Tree Models with Loops

In this subsection, we show the concrete results of the exactness checks provided in the exper-
iments chapter. In Table 8.14 and 8.15 the approximate results of counting via bounded model
checking and automata-based model checking are shown, whereas in Table 8.16 the exact counts

are displayed.
Formula % of satisfying
Word Models

Oa 31.5
O(=a A Xa A —b) — b) 100

O(a < b) 1.5

aUb 81.5

Oa 71.5

O(aUb) 50

O0a — 0L 46.5

Table 8.15: Results of approximate Counting via Automata Based Counting for Trees
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CHAPTER 8. APPENDIX

Formula % of satisfying
Word Models

Oa 25.39

O(—a A Xa A —b) — b) 100

O(a <> b) 1.58

aUb 79.36

Qa 79.36

O(aUb) 65.65

Hoa — OO -1

Table 8.16: Results of exact Counting for Trees (loops)
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